. The result generalizes a known characterization of bipartite graphs with a k-factor. Its proof uses flow theory and is a refinement of the proof of an analogous result due to Folkman and Fulkerson. By applying corresponding flow algorithms, the described decomposition can be found in polynomial time if it exists. As an application, an assignment problem is solved. o 7993 by ~o h n wi/ey & Sons, Inc.
AN ASSIGNMENT PROBLEM
The following problem was posed in van Doorn (61. In a certain year, each of k students at some school is required to spend probationary periods pl , . . . , p,n at m different companies from a collection {c, , . . . , c,} of n companies. In the period p i . company cj can host at most rii students (i = I , . . . , m ; j = 1, . . . , n). The question is whether and how the probation requirements can be satisfied for all students.
After introducing suitable notation and terminology in Section 2, we present in Section 3 a solution of this problem using the theory of k-factors in bipartite graphs. In Section 4, the results in Section 3 are generalized to an analog of a theorem due to Folkman and Fulkerson [2] . Using this generalization, another solution of the problem, not using k-factors, is presented in Section 5 .
NOTATION AND TERMINOLOGY
We use Bondy and Murty [I] for notation and terminology not defined here. The graphs we consider may have multiple edges, but no loops.
Let G be a bipartite graph with bipartition (A, B). We write G = (A, B ) 
SOLUTION OF THE PROBLEM USING k-FACTORS
Consider the following question:
(1) Given a bipartite graph G = (A, B ) and a nonnegative integer k, do there exist k pairwise disjoint Asaturating matchings?
As shown in van Doorn Theorem 1 is proved via the max-flow min-cut theorem (see Ford and Fulkerson [3] ). By using the associated labeling method in 131, question (1) can be answered in polynomial time. Moreover, a collection of k pairwise disjoint A-saturating matchings in a bipartite graph G = (A, B ) can actually be constructed in polynomial time if it exists.
A GENERALIZATION OF THE ORE-RYSER FFACTOR THEOREM
Our main result is the following: 
Also,
On the other hand, It follows that (7) and (8) hold. Similarly, (9) and (10) hold.
Conversely, assume that (7)- ( 10) hold. We construct a network G' from G by orienting all edges of G from A to B and adding two new vertices a and b together with the edges (6, a), (a, x) for each x E A, and (y, b) for each y E B. We define nonnegative integer-valued functions I and c on E(G') as follows: where .
?
Let z then by (7),
If a E 2, h E 2, then by (lo), Then (7) amounts to (2), while (8) and (10) are trivially satisfied. The inequality (9), too, is trivially satisfied, since Hence under (21, G contains, by Theorem 4, a spanning subgraph GI = (A, B; E l ) such that lEll = e l , dG,(x) = flx) for all x E A and dc,(y) I f l y ) for all y E B. Since &A d&) = C, EB d~, ( y ) and 2 , d l x ) = %EB fly), in fact, dc,(y) = fly) for all y E B, implying that GI is anf-factor of C . Thus, the sufficiency of (2) in Theorem 1 follows from the sufficiency of (7)- (10) in Theorem 4. Similarly, the necessity of (2) in Theorem 1 follows from the necessity of (7)- ( 10) Problem (1) is "one-sided" in the sense that saturation requirements are made only with respect to A. Therefore, the one-sided condition (4) in Corollary 3 may be considered more natural than the two-sided condition (12) in Corollary 6. Note in this connection that Hall's Theorem is not immediate from Corollary 6.
SOLUTION OF THE PROBLEM WITHOUT THE USE OF &-FACTORS

